A fixed point theorem equivalent to the Fan-Knaster-Kuratowski-Mazurkiewicz theorem  by Tarafdar, E.
JOURNAL OF MATHEMATICAL ANALYSIS AND APPLICATIONS 128, 475479 (1987) 




Department o$ Mathematics, University of Queensland, 
St. Lucia, Queensland, Australia 4067 
Submitted by Ky Fan 
Received March 25, 1986 
In this note we prove a fixed point theorem and show that this fixed point 
theorem is equivalent to a recent generalization of the Knaster-Kuratowski- 
Mazurkiewicz theorem by Ky Fan. Cl 1987 Academc Press, Inc. 
Throughout the paper all topological vector spaces will be assumed to be 
Hausdorff. 
Recently Fan [ 1 ] has obtained a further generalization of the classical 
Knaster-Kuratowski-Mazurkiewicz theorem [2]. We state below this 
result as a theorem (we have rephrased the statement for the sake of 
clarity). 
THEOREM 1. (Fan-Knaster-Kuratowski-Mazurkiewicz Theorem). Let 
Y be a nonempty convex subset of a topological vector space and C$ # XC Y. 
For each x E X, let F(x) be a relatively closed subset of Y such that the 
convex hull of each finite subset (x,, x2, . . . . x,> of X is contained in the 
corresponding union Uy= 1 F(x,). Then for each nonempty subset X0 of X such 
that X,, is contained in a compact convex subset of Y, &,,, F(x) # 0. 
Furthermore, if for some such X0 (i.e., X0 is contained in a compact convex 
subset of Y) the nonempty set fl,,xO F(x) is compact, then nxEX F(x) # 0. 
[To see the validity of the first part of the theorem, for some X0 as 
assumed in the theorem let n,,,F(x)= 0. Then uIExa (F(x))== Y 
((F(x))’ being the complement of F(x) in Y). Now taking A(x) = (F(x))’ 
and X = X0 in Lemma 1 of Fan [ 11, we obtain a finite subset 
{XI, x2, . . . . xn} of X such that the convex hull of {x1, x2, . . . . x,} is not con- 
tained in the corresponding union U;= r F(x,).] 
The purpose of this note is to prove the following fixed point theorem 
independently of Theorem 1 and to show the equivalence of Theorem 1 
with our fixed point Theorem 2 below: 
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THEOREM 2. Let X be a nonempty convex subset of a topologicul vector 
space. Let f: X -+ 2x be a set valued mapping such that 
(i) for each x E X, f(x) is a nonempty convex subset of X; 
(ii) for each y E X, f-‘(y) = {x E X: y of} contains u relatively 
open subset 0,. qf X (0, may be empty for some y): 
(iii) UreX 0, = X; and 
(iv) there exists a nonempty X0 c X such that X0 is contained in u 
compact convex subset X, of X and the set D = n,, x0 0: is compact, (D 
could be empty and as before 0; denotes the complement of 0, in X). 
Then there exists a point x0 E X such that x,, E,f(x,,). 
To prove this theorem we will use a fixed point theorem proved in [3]. 
We write the latter as a lemma below. 
LEMMA 1. Let X be a nonempty compact convex subset of a topological 
vector space. Let f: X -+ 2x be a set valued mapping such that 
(i) for each x E X, f(x) is a nonempty convex subset of X; 
(ii) for each YEX, fp’(y)=(xEX: y~f(x)} contains a relatively 
open subset 0, of X (O1; could be empty); and 
(iii) U,.,,O,=X. 
Then there exists a point x0 E X such that x0 E f(xO). 
We note that this lemma [3] is a generalization of a fixed point theorem of 
Browder [4] and has been proved by means of partition unity and 
Brouwer fixed point theorem. 
Proof of Theorem 2. We first assume that D = @. In this case for each 
x E X,, f(x) n X, # 0. Indeed if f(x,,) n X, = 0 for some x0 E X, , then 
for all xEX,, xq!f(x,), i.e., xO$f-‘(x)30,. Thus x~E~,~.,O~,C 
n.xcxo 0; = D, which contradicts that D = 0. Therefore we can define a set 
valued mapping g: X, + 2x’ by g(x) = f(x) n X,, so that g(x) is a non- 
empty convex subset of X, for each x E Xi. Now for each y E Xi, g - ‘( y) = 
{xEX,: yEg(x)}={xEX,: yEf(x)nX,}=f-‘(y)nX, contains the 
relatively open set 0: = 0, n X, in X, . Also since n,r, x0 0; = 0, we have 
U xsxoOx=x and hence Uxex,Ox=X. Thus UrEX,O~=LXI 
(0, n X,) = X,. Hence by our Lemma 1 there is a point x0 E X, such that 
x0 E&7(X0) Cf (x0). 
We now consider the case when D is a nonempty compact set. In this 
case we prove the theorem by contradiction. Let us assume that f has no 
fixed point. Then 0; is nonempty for each XE X, for OC, = I$ implies that 
x # OC,, i.e., x E 0, c f ~ l(x), i.e., x E f (x). More generally, the convex hull of 
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each finite subset (x1, x2, . . . . x,} of X is contained in the union U;=i O;,. 
To see this let x = I;=, lixi# lJ;= i O;, for some finite subset 
{ xi, x2, . . . . x,} of X and li > 0, i = 1,2, . . . . n, with I;= i 2, = 1. This implies 
that XE 0, cfP’(xi) for each i= 1,2, . . . . n. Hence x~E~(x) for each 
i = 1, 2, . . . . n. However, since f(x) is convex, x~f(x), contradicting our 
assumption. For convenience, we set F(x) = 0; for each x E X. In our next 
move we prove by applying Lemma 1 that for each finite subset 
i”l? x22 . ..’ 
X”> of x n.rcK F(x) # 0, where K is the convex hull of X, u 
x, > x2 3 .‘., x,]. Clearly K is a compact convex subset of X. If possible, we 
suppose that n,, K F(x) = 0. Then we can define a set valued mapping 
h: K-+2K by h(y)= {xEK: y#F(x)} such that h(y) is nonempty for each 
~EK. Now for XEK, h~‘(x)={y~K:x~h(y)}={y~K:y$F(x))= 
(F(x))’ n K = 0, n K = 6,, which is a relatively open set in K. We now 
define a set valued mapping j: K + 2 K by j( x) = convex hull of h(x) for each 
x E K. Since j(x) 3 h(x) for each x E K, it follows that j-‘(x) =I K’(x) 16, 
for each XE K. Also nxEK F(x) = (25 implies that UxeK 0, =X. Hence 
U.reKd.=UxeK (O,r n K) = K. Therefore by Lemma 1 there exists x0 E K 
such that x0 EJ’(x~) = convex hull of h(x,). This implies that there exist 
points yl, Y,, . . . . y,,, in K such that y;~ h(x,) for i= 1,2, . . . . m, where 
x0 = C;=, ;liyl, Ai 2 0 for i = 1, 2, . . . . m, and Cy=r Ai = 1. This means 
that x,, # F(yi) for i = 1, 2, . . . . m, i.e., x,, = Cy=, &,v; # Uy= I F(y,), which 
contradicts our established fact that the convex hull of each finite 
subset { yI, y2, . . . . yn} of X is contained in the corresponding union= 
Uy! r F(y,) = Uy= I O-t,. Thus we have proved that n,, K F(x) # Qr. Hence 
~nUX=, F(Xi))xr)xeK F(x) # (zr as X0 u {x,, x2, . . . . x,} c K. What we 
have then proved above is that for each finite subset {x1, x2, . . . . x,} of X, 
fi:= I (D n F(xi)) # 0. Now since D is compact and F(x) is closed, 
F(x) n D is compact for each x E X. Hence r)sEx (F(x) n D) # 0 
and, therefore, fl liE x F(x) = n XE x 0; # 0, which contradicts our con- 
dition (iii). Thus f must have a fixed point. 
COROLLARY 1. Let X be a nonempty convex subset of’ a topological 
vector space. Let f: X -+ 2x be a set valued mapping such that 
(i) for each x E X, f(x) is a nonempty convex subset of X; 
(ii) for each yEX,f-l(y) contains a relatively open subset 0, of X; 
(iii) Lx 0, = X; and 
(iv) there exists a point X~E X such that O:, is compact (could be 
empty). 
Then there exists a point x E X such that x Ed. 
Proof We take X0 =X, = {x0} in the above theorem. 
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EQUIVALENCE OF THEOREM 1 AND THEOREM 2 
We first prove that Theorem 2 implies Theorem 1. 
Let us assume that the conditions of Theorem 1 hold. If possible, 
suppose that nXcX F(x) = 0. Then we can define a set valued mapping 
f: Y + 2 ’ by f( y) = {x E X: y $ F(x) >. Clearly f( y) is a nonempty subset of 
Y for each y E Y. It also follows that for each x E Y, f-‘(x) = (F(x))‘= 0, 
is a relatively open set in Y. Let g: Y -+ 2’ be the set valued mapping 
defined by g(y) = convex hull off(y) for each y E Y. Thus for each y E Y, 
g(y) is a nonempty convex subset of Y and for each x E Y, 
g-I(x)‘(x)=0,. Also n,EXF(x)=@ implies lJ~tXO~= Y and 
hence U.x E y 0, = Y. Finally, n,, X,, 0; = n,, X0 F(x) = D is compact. Hence 
by Theorem 2 there exists a point x0 E X such that x0 E g(x,) = convex hull 
of f(xO). Now by giving an argument similar to that in the proof of 
Theorem 2 we can show that this contradicts the hypothesis of Theorem 1 
that the convex hull of each finite subset {x1, x2, . . . . x,,} of X is contained 
in the corresponding union U:=, F(xj). Hence n, t x F(x) # @. 
Now to show that Theorem 1 implies Theorem 2, we assume that the 
conditions of Theorem 2 hold. 
For each x E X, F(x) = O:, which is a relatively closed set in X. Let us 
first consider the case when D = @. Then by taking Y = X in Theorem 1 we 
must have a finite subset {x,, x2, . . . . xn} of X such that the convex hull of 
i Xl 3 x2, .“, x,} is not contained in the corresponding union U?=, F(x;), for 
otherwise D will be nonempty by the first part of Theorem 1. This means 
that x0 = C;=, EGixi $F(xi) = O;, for each i = 1,2, . . . . n and for some A, > 0, 
i = 1, 2, . . . . n, with Cl=, 1,, = 1. Thus x,, E 0, cfP’(xi), i.e., x;~f(x,) for 
each i= 1, 2, . . . . n. Hence x0 Ed as f(xO) is convex and Theorem 2 is 
proved in this case. 
Finally, let D # 0. If the convex hull of each finite subset {x1, x2, . . . . x,,} 
of X is contained in the corresponding union U:=, F(x,), then by 
Theorem 1, fL&= LX F(x) # a, which contradicts the con- 
dition (iii) of Theorem 2. Hence there must exist a finite subset 
{ x, 3 x2 9 . . . . x,} of X such that the convex hull of (x,, x2, . . . . x,} is not con- 
tained in the corresponding union lJ;=, Is(x,). Now repeating the same 
argument as in the first case, we obtain a point x,, E X such that x0 Ed. 
This completes the proof. 
Remark. By arguing as above one can easily see that our Corollary 1 
and Fan’s generalization [S] of the Knaster-Kuratowski-Mazurkiewicz 
theorem are equivalent, while our fixed point theorem [3] (here Lemma 1) 
and the Knaster-Kuratowski-Mazurkiewicz theorem in a compact convex 
set of a topological vector space are equivalent. 
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